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In a recent article, Ayala et al. [Phys. Rev. D 73, 105009 (2006)] have studied the dynamical
generation of masses for fundamental fermions in strongly coupled QED in the presence of weak
magnetic fields. We argue that the results and conclusions of the article are not reliable as they
are subject to gauge dependent artifacts resulting from an inconsistent truncation of the Schwinger-
Dyson equations.
PACS numbers: 12.20.-m, 11.15.Tk, 11.30.Rd
Ayala et al. [1] have recently studied dynamical chiral
symmetry breaking in strongly coupled QED in the pres-
ence of a weak, external magnetic field. Not long ago, a
similar problem in QED in a strong, external magnetic
field was critically studied by the present author [2, 3].
We carefully examined the consistency and gauge inde-
pendence of the bare vertex approximation (BVA) that
has been extensively used in truncating the Schwinger-
Dyson (SD) equations to calculate the dynamically gen-
erated fermion mass in the lowest Landau level approxi-
mation (LLLA). Specifically, we showed that the BVA, in
which the vertex corrections are ignored, is a consistent
truncation of the SD equations in the LLLA. The dynam-
ical fermion mass, obtained as the solution of the trun-
cated SD equations evaluated on the fermion mass shell,
is manifestly gauge independent. Based on the gauge
independent analysis presented in Refs. [2, 3], we argue
that the results and conclusions of Ref. [1] are not reliable
as they are subject to gauge dependent artifacts resulting
from an inconsistent truncation of the SD equations.
The important lessons learned from the gauge indepen-
dent analysis presented in Refs. [2, 3] are as follows. (i)
A consistent truncation of the SD equations is the trun-
cation which respects the Ward-Takahashi (WT) iden-
tity satisfied by the truncated vertex and inverse fermion
propagator. (ii) In a consistent truncation of the SD
equations the WT identity is a necessary (but not suffi-
cient) condition for establishing the gauge independence
of physical observables calculated therein. Therefore, if
one begins with an inconsistent truncation of the SD
equations, in which the WT identity is not fulfilled, then
it is impossible to obtain gauge independent results for
physical observables (e.g., the dynamical fermion mass
for the problem at hand). As a result, thorough inves-
tigations of the gauge (in)dependence of the calculated
physical observables constitute an indispensable part of
a consistent or a reliable analysis of the SD equations.
In Ref. [1] the BVA in quenched QED (or the so-called
rainbow approximation), in which the vertex corrections
as well as the vacuum polarization are ignored, was used
to truncate the SD equations beyond the LLLA. Such an
approximation however is not a consistent truncation of
the SD equations as it has been shown in Ref. [3] that
the WT identity in the BVA can be satisfied only within
the LLLA (with a momentum independent fermion self-
energy). This is a general statement that is valid regard-
less of the external magnetic field strength or the gauge
fixing. To put it another way, in order to go beyond the
LLLA (in either a strong or a weak magnetic field) one
has to use a truncation scheme of the SD equations that
consistently accounts for vertex corrections (as well as
the momentum dependence of the fermion self-energy).
Furthermore, the assertion in Ref. [1] regarding the relia-
bility of the WT identity in the BVA beyond the LLLA in
the Landau gauge for small values of fermion momenta
is invalid and misleading. While it is the case in the
LLLA as can be seen clearly in Fig. 1, in which the mass
function in the LLLA is depicted in the Landau gauge,
it is certainly not the case when going beyond the LLLA
as we have explained above. In fact, Fig. 1 is simply a
manifestation of the reliability of a momentum indepen-
dent fermion self-energy and, consequently, of the WT
identity in the BVA within the LLLA (see Ref. [3] for
detailed discussions). Contrary to what the authors of
Ref. [1] have claimed, Fig. 1 unfortunately reveals noth-
ing about the reliability of the WT identity in the BVA
beyond the LLLA.
A similar approximation with the BVA in unquenched
QED (or the so-called improved rainbow approximation)
has been used in Ref. [4] to study higher Landau level
corrections to the dynamical fermion mass generated in
a strong magnetic field. Instead of a verification of the
lowest Landau level (LLL) dominance in a strong mag-
netic field, the result of Ref. [4] is found to be qualita-
tively different from those obtained in the BVA within
the LLLA. We have argued [3] that in the specific gauge
used in Ref. [4] the unphysical, gauge dependent con-
tributions from higher Landau levels are so large that
they become dominant over the physical, gauge indepen-
dent contribution from the lowest Landau level and lead
to the authors’ incorrect conclusions. Clearly, the par-
ticular choice of gauge fixing used in Ref. [4] not only
is ad hoc and unnecessary, but also leaves the issue of
gauge (in)dependence unaddressed. We have also pointed
out [3] that the LLL dominance in a strong magnetic field
(or, equivalently, lack thereof in a weak magnetic field
2for the problem at hand) should be understood in the
context of a consistent truncation scheme: In a strong
magnetic field higher Landau level contributions to the
dynamical fermion mass obtained in a consistent trun-
cation of the SD equations (which accounts for vertex
corrections) are subleading when compared to the LLL
one obtained in the consistent BVA truncation (which ig-
nores vertex corrections). The inconsistency of the BVA
beyond the LLLA in QED in the presence of an external
magnetic field is not unexpected. This is because when
going beyond the LLLA there is no longer an effective
dimensional reduction in the dynamics of fermion pair-
ing (see Ref. [3] and references therein). The situation is
then similar to that in ordinary QED, in which it is well
known that the BVA is not a consistent truncation of
the SD equations. As a consequence, in the BVA beyond
the LLLA the results of Ref. [1] obtained in the Landau
gauge are inevitably gauge dependent artifacts. This in
turn calls into serious question about the reliability of
the subsequent conclusions.
Incidentally, on the technical side, the authors of
Ref. [1] have largely missed several important issues re-
garding the properties of the Ritus functions (a conve-
nient formalism in the studies of QED in the presence
of a constant external magnetic field) that have been
overlooked in the literature and clarified only recently
in Ref. [3]. Hence, the calculation in Ref. [1] will require
further investigations.
We conclude by emphasizing that in gauge theories
an analysis of the nonperturbative SD equations should
not and cannot be considered reliable or complete unless
the gauge independence of physical observables calculated
therein is unambiguously demonstrated. When utilizing
the SD equations in gauge theories, it is therefore manda-
tory to begin in the first place with a consistent trun-
cation or, at least, a reliable (but not necessarily con-
sistent) truncation that yields a controlled gauge depen-
dence with the explicit gauge dependent terms appearing
at higher order than the truncation order [5]. Otherwise,
it should be kept in mind as well as stated explicitly that
the obtained results are inevitably gauge dependent and
without further quantification of the gauge dependent ar-
tifacts no reliable conclusions may be drawn therefrom.
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